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Abstract-The thermal and material trausport from spheres in turbulent air streams have been reduced 
to analytical expressions taking into account the Reynolds rmmber of the flow, the level of turbulence of 
the air stream, and the diameter of the sphere. The eoefficiems for these expressions are based upon 
experimental work ranging from drops to spheres of about 1 ft in diameter. The range of Reynolds 
numbers involved extends from 2 to 1.33 x lo*. The standard error of estimate for all the experi- 
mental measurements was about 15 per cent, while the standard error of estimate for measurements 

for a much smaller range of sphere diameters was approximately 4 per cent. 

NO~CLA~ 

A, AI, As, B, C, coefficients; 
4 diameter, in ; 
DMk, Maxwell diffusion coefficient 

of component k, lb/s; 
Gr7 Grashof number; 
h, heat-transfer coefficient, Btu/s 

ft2 degF ; 
k thermal conductivity, Btu/s ft 

degF; 
X number of points ; 
I?$, macroscopic Nusselt near 

for conditions at interface; 
P, pressure, lb/ft2 absolute or 

lb/ft” ; 
Pr,, molecular Prandtl number for 

conditions of stream; 
Rem, Reynolds number for con- 

ditions of stream; 
& average deviation; 
SC,, molecular Schmidt number 

for conditions of stream; 
S/l;, macroscopic Sherwood num- 

ber for conditions at interface; 
u, velocity, ft/s; 
Uxf, mean longitudinal local fluctu- 

ating velocity, ft/s ; 
X, coefficient of standard devia- 

tion. 

t Graduate research student in Chemical Engineering. 
$ Professor of Chemical Engineering. 

Greek symbols 
at, apparent level of turbulence, 

fraction; 

$ 
normalized transport; 

, thermometric conductivity, 
W/s ; 

Y, kinematic viscosity, ftals ; 
=, standard error of estimate. 

Subscripts 
C, 
e, 

L, 
T, 
TM, 

calculated ; 
expe~ment~ ; 
condition at interface; 
material transfer ; 
thermal transfer ; 
simultaneous thermal and 
material transfer ; 
lon~tudi~l direction of flow; 
stream condition. 

Superscript 
0. limiting value. 

MANY investigations have been made of thermal 
and material transport from spheres located in 
turbulently flowing gas streams. In most 
instances, however, the experimental information 
did not include the level or the scale of the 
turbulence in the gas stream, and the behavior 
was correlated on the basis of linear theory. 

A few investigators [l-4] observed a nonlinear 
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relationship between the Nusseft or the Sherwood 
number and the square root of the Reynolds 
number, and attempted to take such behavior 
into account by increasing the exponent of the 
Reynolds number above 0.5. The results, based 
upon the assumption that the Nusselt number 
was a single-valued function of the square root 
of the Reynolds number, were not entirely 
satisfactory, as illustrated in Fig. 1. Average 
deviations of 60 per cent from the correlation 
shown in the figure were encountered. For this 
reason a systematic program of measurement 
was carried out for thermal and material 
transfer from small spheres in flowing air 
streams of varying levels of turbulence [3, 5-l 11. 
Recently Kinard, Manning and Manning [12] 
prepared a correlation of the material transfer 
from spheres taking into account separately the 
effects of transport front and aft of the zone of 
boundary-layer separation. The behavior with 
respect to the several variables was similar to that 
found in the present review, except that no regard 
was taken by Kinard and co-workers of the level 
of turbulence or of other than the first order 
effects of diameter. 

The purpose of this review is to present the 
available experimental data in a form useful 
to the engineer for the prediction of transport 
behavior. In this work the influence of Reynolds 
number, size of sphere, and level of turbulence 
has been taken into consideration. The effect 
of the scale of turbulence has not been included, 
since the experimental data contained little in- 
formation about this variable. 

ANALYTICAL CONSIDERATIONS 

It is beyond the scope of this paper to review 
the details of the radial conduction and radial 
diffusion, in connexion with boundary layer 
theory, which form the basis of much of the 
theoretical treatment of thermal and material 
transfer from spheres. For thermal transport 
the limiting value of the Nusselt number for 
radial conduction is given by: 

(N$)Re - 2. a ==L’r=o - (1) 

A similar analysis for the limiting value of 
material transport involving only radial diffusion 
results in : 

~~~~),~~~ = Gr = 0 = 2. (2) 

The details of this development are described 
by Friissling [13] and Langmuir [14]. Most of 
the more recent work in this field [ 1, 3,4, 151 has 
verified the theoretical limit which is shown in 
Fig. 1. 

Square 
i ,’ ? 

root Reynolds number, Rem 

FIG. 1. Conventional ~r~sentati~n of convective thermal 
transport from spheres. 

Frijssling [IJ] carried out a satisfactory 
analysis of the convective macroscopic transfer 
from spheres, and predicted that at zero level 
of turbulence the Nusselt number would be a 
single-valued function of the Reynolds and 
Prandtl numbers. The results of his analysis 
are as follows: 

NM; = 2.00 ‘r O-552 Re;,’ Prfi3. (3) 

A similar line of reasoning leads to the following 
relationship for the Sherwood number: 

Shf = 2.00 + 0.552 Rt$ ,%a?. (4) 

It should be noted that this expression does 
not take into account the effect of the level of 
turbulence. 

In the present development the Reynolds, 
Prandtl, and Schmidt numbers were defined in 
the following way: 

Re, = dU,lv>,> (5) 

Pr, = v,{K,, (6) 

SC, =Pv,/Dm. (7) 

The Nusselt number corresponding to the space 
average properties at the interface was evaluated 
from : 

Nuf = hi dlki. (81 
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The Sherwood number was defined in terms of 
the space average properties at the interface 
in the following way: 

Sh; = hMid/kt. (9) 

For present purposes the longitudinal level of 
turbulence was defined by: 

at = a& = (~~~)lJa~u. (JO) 

In most of the experimental work the level 
of turbulence was varied by changing the axial 
position of the sphere in the wake of a grid or a 
perforated plate. For the recent investigations 
with small spheres [6, 7, 8, 10, 111, the detailed 
experimental measurements of Davis [16, 171 
were employed to relate the longitudinal level 
of turbulence to the position in the wake of an 
identical perforated plate. The work of Davis 
can be used to establish the level of turbulence 
in an apparatus of similar geometry from a 
knowledge of the grid mesh size and the distance 
downstream to the sphere. Where there is a 
turbulence-inducing grid, predictions of the 
level of turbulence can be made in a manner 
similar to that shown in Fig. 2. Wadsworth [la] 
measured the level of longitudinal turbulence 
with a hot-wire anemometer. 

Since it is difbcult to determine the level of 
turbulence experimen~Ily, the level of turbu- 
lence established in these investigations is 
subject to some uncertainty. It might therefore 
be preferable to define this quantity in terms of 

2 4 6 8 IO 12 14 

Distance from grid, in 

FIG. 2. Effect of position in wake of grid upon long& 
tudinal level of turbulence. 

the sphere diameter, the mesh size, and the 
longitudinal sphere position in the wake of the 
perforated plate. However, in the interest of 
simplicity in interpreting the results, the term 
“apparent level of turbulence”, designated as 
at, will be employed. The results indicate good 
agreement with measurements of the level of 
turbulence reported by different investigators. 
Such agreement confirms the fact that the 
position in the wake of the perforated plate is a 
satisfactory indication of the local level of 
turbulence. 

In the present development the primary 
variables were defined as 

/?r = (IVuy - 2*OOO)/(I?e$2Pr$3) (11) 

for thermal transfer, and 

p&.$ = (Shf - 2.~)~(~e~z~c~3) (121 

for material transport. These dependent variables 
are designated as I~T and /3~, respectively, 
throughout the following discussion. Simple 
boundary layer theory with no turbulence 
indicated that these quantities should be 
invariant with respect to Reynolds number and 
sphere diameter. In the limit, as the Reynolds 
number approaches zero the values /3~ and ,6, 
become indeterminate. The experimental data 
may be extrapolated to zero Reynolds number, 
and the limiting values of these quantities may 
then be established with some certainty. 

The effect of the apparent level of turbulence 
and the sphere diameter on the thermal transport 
variable j% was approximated in the following 
way : 

/IT = A, + As dx’a + But(at + C) Re%2 (13) 

From equation (13) it is evident that at zero 
Reynolds number this quantity would be a 
function of the sphere diameter alone. An 
analogous expression with constants having 
different values, was employed for material 
transport. Earlier experimental work [5, 6, 10, 
111 indicated that the value of the Nusselt 
number for thermal transfer was not equal to 
the value of the Nusselt number for simultaneous 
thermal and material transport at the same 
Reynolds number and molecular Prandtl number. 

A summary of the experimental data utilized 
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Range of Conditions 

Description of sphere Number of Apparent 
data level of 

points turbulence: 
Reynolds 
number 

Nusselt or 
Sherwood 
number 

Reference 

05 in porous sphere 
1.0 in porous sphere 
05 in silver sphere 
1.0 in silver sphere 
O-07 in n-heptane drops 
60 in copper sphere 
9.0 in copper sphere 

12.0 in copper sphere 
5.0 in Armco-iron sphere 
@02 in water drops 
0.279 in steel sphere 
a496 in steel sphere 
0.787 in steel sphere 
9-O in copper sphere 
QO375 in water drops 
40 in copper sphere 
6,O in copper sphere 
9.0 in copper sphere 

12.0 in copper sphere 

05 in porous sphere 95 0~013-015 820-7250 21-78 16, 101 
0.07 in n-heptane drops 32 0.013 66-319 7-13 131 
0.02 in water drops 6 0.01 48-1040 7-32 [131 
00375 in water drops 18 0.01 Z-195 3-9 Il.51 

Thermal and simultaneous thermal and material transport 

95 
21 
40 
14 
32 

7 
7 

12 

: 
7 
4 
5 
8 

18 
30 
8 
8 
8 

0.013-0~15 820-7250 
0*013-0~15 1820-7300 
0*013-0~15 900-7260 
0~013-0~15 1800-7500 

0.013 66319 
0.02 17600@1330000 
0X108 263000-975000 
0.01 177OOb-1330000 

0.01 0.01 44000-150000 48-1040 
O*Ol 190-1460 
0.01 540-2100 
0.01 210-1340 
0.02 129~102~ 
0.01 2-195 

O-0066 22600-246000 
0.02 87090-667000 
0@08 13OKlO-975000 
001 177000-133OOOo 

Material transport 

18-49 16. 101 
27-59 iii] _ 
1648 
2248 t:;? 
6-13 f31 

420-1418 513-987 t:;; 
420-1418 [211 
107-206 [221 

7-32 [131 
12-26 [21 
17-30 [21 
12-24 M 

62S-2010 
3-10 z 

148-540 (181 
301-927 [201 
374-1217 I201 
480-1418 [201 

7 All transport to air. 
1 Apparent turbulence level defined by equation (10). 

in this review, covering the range of conditions, 
is set forth in Table 1. 

In order to illustrate the nature of the behavior, 
there is shown in Fig. 3 the effect of the Rey- 
nolds number upon the Nusselt number 
associated with thermal transfer from a 1-O 
in silver sphere [ll], and upon the Nusselt 
number associated with simultaneous thermal 
and material transport from a 05 in [6, IO] 
and a 1 .O in porous sphere [l 11. Fig. 4 shows the 
effect of the apparent level of turbulence directly 
for a series of Reynolds numbers for these same 
data. Results for material transfer from the 
O-5 in porous sphere appear in Fig. 5, which 
depicts the effect of the square root of the 

Reynolds number and the apparent level of 
turbulence upon the Sherwood number. The 
trends visible in these figures were also found by 
Wadsworth [18], Powell [I], and others. 

RESULTS 

In order to show the behavior reported by the 
several investigators, the results for thermal 
transfer and for combined thermal and material 
transfer are depicted in Fig. 6. The marked 
influence of the apparent level of turbulence 
upon the variation in the parameter p with 
Reynolds number is evident. Similar information 
for the Sherwood number associated with 
material transport is given in Fig. 7. 
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FIG. 3. 

FIG. 4. 

e,:o 
0.02 0.04 0.06 0.08 O-10 0 12 cl.14 

Longitudinal level of turbulence u1 fraction 

Effect of Reynolds number upon macroscopic 
thermal transport from spheres. 

Square root Reynolds number, Rez’ 

Effect of level of turbulence upon macroscopic 
thermal transport from spheres. 

Square root Reynolds number, ReLZ 

0 02 0 04 ? 06 3.08 O-IO 0 I2 0 14 

Longitudlnol level of turbulence al fraction 

FIG. 5. Effect of Reynolds number and level of turbulence 
upon macroscopic material transport from spheres. 

I . 

100 300 500 700 900 II00 

Square root Reynolds number, 
,: 

Re; 

FIG. 6. Summary of macroscopic thermal transport from 
spheres. 

The information presented in Figs, 6 and 7 
serves to illustrate the range of conditions 
covered. These data indicate a much more 
rapid change in the values of ,k? with Reynolds 
number at the higher apparent levels of turbu- 
lence. Insofar as could be ascertained by a 
careful evaluation of the experimental data, the 
variations in these values were linear with 
respect to the square root of the Reynolds 
number, as was indicated in equation (13). 
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I / ! : 
Mot$rial transport .-_L-l 

IO 20 30 40 50 60 70 80 40 ICO 

Square roof Reynolds number, Rez2 

FIG. 7. ]Effect of Reynolds number on macroscopic 
material transport from spheres and drops. 

Selected experimental data [3, 6, 7, 8, IO, 1 I, 
181 were reduced to the values of p as functions 
of the three independent variables: Reynolds 
number, sphere diameter, and apparent level of 

turbulence. Each set of data was subjected to a 
linear regression analysis of conventional least 
squares approach with respect to the three 
independent variables. The coefficients for 
equations resulting from these calculations are 
set forth in Table 2, which also records the 
number of experimental points in each data set, 
the average deviation, and the standard error of 
estimate. These data follow experimental con- 
ditions as given for each set of data in Tabfe 1. 
The detailed experimental data obtained by the 
authors and employed in this review are 
available. t 

It is apparent that the recent measurements 
with O-5 in and 1.0 in spheres [6, 7, 8, 10, II] 
yield relatively small standard errors of estimate 
from the relationship described by equation (13). 
Slightly larger standard errors of estimate were 

--.--_I___ 
t Tabular material has been deposited as Documents 

No. 5600, No. 7359 and No. 6682 with the American 
Documentation Institute, Photoduplication Service, 
Library of Congress, Washington 25, DC. 

Table 2. Coefficients for equationst 

Number of Average Standard 
Description of data points Coefficients deviations error of 

sphere 
a 

- (per cent) 
used rejected: 

estimateT 
A C (per cent 

Thermal and simultaneous thermal and material transport 

05 in sphere 87 8 porous 0530 0.0271 -0.0321 0.38 2.1 
I.0 in sphere 20 I porous 0,603 0.0134 0.0349 -1.30 32 
0.5 in silver sphere 36 t 0.453 0,567 0*0210 0.03 40 
1.0 in silver sphere 14 0448 O*OllP 0.0405 0.41 4.1 
4.0 in sphere I] 28 2 copper 0,727 0.0194 0~0001 -1.35 11,7 

Material transport 

05 in sphere 86 9 porous 0.717 0*01201 0.0345 0.80 3.7 

- --..-.___z 

t Coefficients for equations as follows: 
(Nus* - 2)fRe,ri8 or (Sk* - 2)/Rem1fa = A -i_ Bat (a& -+- C) Remlia. 

Data based on measurements in air stream only, where PY,~‘~ = 08926 and .Sc,*f3 = 1.281. 
2 Statistically rejected when deviation exceeds X(U), where x = 2. 
4 Average deviation defined by : 

s = 100 {[$(Nuzc* -- Nu,*)J/N} or 
N 

s = 100 {[X(Sh,* - &,*)1/N). 

7 Standard errok of estimate defined by: 
1 

CJ = 100 & [(Nuu* - NuQ*)/NuQ*]*/(N - l))X/z or 

tl Wadsworth ;8]. 

cl = 100 $[(shr.* - Shrc*)lShar*]*/(N - 1) ]I’%. 
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T&k 3. ~cornrne~~d coef~c~ents for equatkmst 

Nature of 
transport 

Number of data points 

used rejected: A* 

Coefficients 

A1 B 

Average Standard 
devia- error of 
tion§ estimatef 

C (per cent) (per cent) 

Thermal, NUi* 
Simultaneous thermal 

and material, NuP 
Material, Shl* 

121 24 0.538 0.181 0.328 oGlO5 -4.7 14.6 

140 I1 0.562 0.181 00672 0~0500 -2.8 42 
132 13 0.439 0.181 0234 0.0500 2.1 6.6 

- 

t Coefficients for equations as folfows: 
Nu<* = 2000 + (A, -i A, d1i2) Reax~s Prm1i3 + Bat (ai + C) Re, Prmlia 

or SW = 2,090 + (A, -t- A,d’/*) Remliz &&1/S + Bat (at + C) Re, Sc,lia. 
: Statistically rejected when deviation exceeds X(U) where x = 2. 

8 Average deviation defined by: 

s = 100 {[g (Nuie* - Nu~~*)J/N} 
N 

or s = 100 {[I; (Shze* - S&*)]/N). 
1 

T: Standard error of estimate defined by: 

D = 100 {; [(Nu<e* - Nui,*)/N~ce*]~/(N - l)]“” 
1 

found for Wadsworth’s measurements [18] while 
the data of some of the earlier investigators 
[2, 3, 19,201 yielded much larger standard errors 
of estimate. It should be noted that Table 2 is 
based only on the detailed ex~rimental data for 
0.5 in, 1-O in and 4-O in spheres [6,7,8, 10, 11, 
181 and does not represent correlations between 
the several sets of data. 

The tinal values of the constants based upon 
the regression analysis of all the available 
experimental data are recorded in Table 3. If 
it is assumed that the effect of sphere diameter is 
the same for material transport, for thermal 
transport alone, and for thermal transport 
associated with simultaneous material transport, 
then the coefficient Az of equation (13) is the 
only term associated with sphere diameter. The 
following relatively simple relationship was 
obtained between the diameter of the sphere and 
the intercept of curves corresponding to zero 
Reynolds number for thermal transport alone: 

p> z Lim /?r = A, + &P2. (14) 
Rem-4 

Included in the data used in the development 
of Table 3 are measurements for drops [3, 13, 15f, 
for 0.5 in and I.0 in silver and porous spheres 
[6,7,8, 10, 1 I], and for larger metallic spheres 
[IS--221. The actual limiting value of j3 

1 

or o = 100 {$ [(S&e* - Shi,*)/Shte*]*/(N - 1)}‘!2. 

for the thermal transfer associated with simul- 
taneous material transfer at zero Reynolds 
number was dependent upon the extent of the 
material transport, since a blowing boundary 
layer was present. For the material transport of 
n-octane and n-heptane the following relation- 
ship was obtained: 

& = Bo, - O-024. 05); 

On the basis of the limited data available, it 
has been assumed in Fig. 8 that the influence 
of diameter was the same for the case of simul- 
taneous thermal and material transfer as for 
thermal transfer alone. Higher limiting values of 
j3 were obtained for simultaneous thermal and 
material transfer than for thermal transfer alone. 
Similarly, the value FM was smaller than the 
value S&, as shown in the following expression : 

PM = B”T, - 0.123. (16) 

It is again emphasized that insufficient data 
are available to establish with certainty the 
influence of size of the sphere upon the value of 
/I for material transfer or for the thermal transfer 
associated with simultaneous material transfer. 
The effect upon j$rX of different absolute rates 
of material transfer under comparable Reynolds 
numbers is not known. Rowever, by assuming 
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I / / I 
O-5 i-0 I.5 2-O 2.5 3-o 

Square root sphere dnneter, in :,z 

FIG. 8. Effect of sphere diameter upon limit of thermal 
and material transport. 

that the relationships set forth in equation (13) 
describe the limiting value of /I, this equation 
may be combined with equations (14) and (15) 
to yield the following relationships: 

j&r;= 0.538 + 0.1807 d1i2 + O-328 at 

(at + O+MO5) Rez2 (17) 

&, = 0.562 + 0*1807 d1j2 + 0.0672 at 

(at + ~0~) fzez2 (18) 

,QM = 0.439 + 0.1807 d’/= + 0.234 at 

(at + 0*0500) Re$z. (19) 

These expressions, together with detInitions of 
8, permit the direct evaluation of the Nusselt 
and Sherwood numbers from a knowledge of 
the Reynolds number of the flow, the Prandtl or 
Schmidt number of the fluid, and the diameter 
of the sphere and the apparent level of turbu- 
lence. These expressions yield good agreement 
with Wadswo~s measurements 1181 and with 
the more recent data for O-5 in and 1.0 in 
spheres [6,7,8, 10, Ill. 

CONCLUSION 

Equations ( 17), (18), and (19) permit a reason- 
able description of the effect of flow conditions 
and sphere diameter upon thermal, material, 
or simultaneous thermal and material transport 
over a wide range of sphere diameters, Reynolds 
numbers, and levels of turbulence. Since nearly 
all the data used in this discussion were taken 
w-&h respect to the flow of air at atmospheric 
pressure past spheres of varying sizes, there is 

no certainty that the results apply over a range 
of Prandtl and Schmidt numbers. Such measure- 
ments were, however, in agreement with the 
earlier forms of correlation [23]. They were also 
in agreement with the analysis of thermal and 
material transport from spheres as developed by 
Frbssling [ 13,241. Additional investigations with 
the liquid metals and with petroleum oils at 
elevated pressures would establish with greater 
certainty the generality of equations (17), (18), 
and (19). 

It is apparent from the present review that the 
effects of level of turbulence and sphere diameter 
on the parameters PT, FM and @Tar are marked, 
and it is most worthwhile to take these variables 
into account in expressions predicting convective 
thermal transport and material transport from 
spheres. 
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R&urn&-On a mis sous la forme d’expressions analytiques les transferts de chaleur et de masse a partir 
de spheres dam des ecoulements turbulents, en tenant compte du nombre de Reynolds de 1’6coulement 
et du niveau de turbulence, ainsi que du diametre de la sphere. Les coefficients pour ces expressions 
sont bases sur une recherche experimentale allant de gouttes ii des spheres d’environ 0,30 m de diametre; 
la gamme des nombres de Reynolds s’etend de 2 ii 1,33 . lo@. L’erreur d’estimation moyenne pour toutes 
les mesures etait environ de 15 pour cent tandis que l’erreur d’estimation moyenne pour des mesures 

dans une gamme plus etroite de diametres de spheres etait approximativement de 4 pour cent. 

Zusamme&ssuag-W&me- und Stoffiibertragung von Kugeln im turbulenten Luftstrom wurde auf 
analytische Ausdrticke zurtickgeftlhrt, wobei die Reynolds-Zahl, der Turbulenzgrad und der Kugel- 
durchmesser beriicksichtigt wurden. Die KoeiBzienten dieser Ausdriicke beruhen auf Versuchsegeb- 
nissen an Tropfen und Kugeln bis zu 30 cm Durchmesser im Reynolds-Bereich von 2 bis 1,33 . lp. 
Die Standardabweichung der Schltzung fiir alle experimentelle messungen war ungeftir 15 Prozent, 
wahrend in einem wesentlich kleineren Bereich von Kugeldurchmessem die geschatzte Standardab- 

weichung nur etwa 4 Prozent war. 

AmroTa~-Honyrenar anannrnnecune sbrpamennn, onncrdnarornne nepenoc Tenna II 
BemeCTBa Ann mapOB npn o6Tenanmi Typ6yJIeHTHbIM BOa~YmHbI?d nOTOKOM C yYeTOM 9UCJIa 
Peffnonbnca, crenerm Typ6ynuaaqnn n nnamerpa mapa. BbrBop noa~@nnuenroa ~na arnx 
BblpaPKeHMti OCHOBaH Ha LJKCIlepHMeHTaX HaA saCTIfqaMEi pa8MepOM OT KaIIJlEl A0 IUapa AMa- 

HeTpOMOKO.?O1 (PT.&faIIaSOHW2eJf PeiHOnbACaOT2 AO1,33 X 10'. 06wnas IIOrpeIIIHOCTb 

B OUeHKe AJIFI BCeX 3KCIIepHYeHTaJIbHbIX I18MepeHllii COCTaBJIfleT 15 IIpOqeHTOB, TOrAa KaK 

o6nsaafl IIOrpeJ.IIHOCTb B HardepeHmx AJXR ropasA0 MeHbmero mana3oKa AMaMeTpOB Iuapon 

COCTaBJlJIeT npkiMepH0 4 IlpOqeHTa. 


